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ABSTRACT
In this paper the elliptic genus for a general Calabi-Yau fourfold is derived.
The recent work of Kawai calculating N=2 heterotic string one-loop threshold
corrections with a Wilson line turned on is extended to a similar computation
where K3 is replaced by a general Calabi-Yau 3- or 4-fold. In all cases there
seems to be a generalized Kac-Moody algebra involved, whose denominator
formula appears in the result.
1 Introduction.
In this paper, I extend the work of Kawai [4], calculating N=2 heterotic string
one-loop threshold corrections with a Wilson line turned on, to Calabi-Yau
three- and fourfolds. (See also [10] for an alternative interpretation of Kawai’s
result.) In full generality, this calculation provides a map from a certain
class of Jacobi functions (including elliptic genera) to modular functions of
certain subgroups of Sp4(Q), in a product form. In a number of cases, these
products turn out to be equal to the denominator formula of a generalized
Kac-Moody algebra. It seems natural to assume that this algebra is present in
the corresponding string theory, and indeed in [9] it is argued that this algebra
is formed by the vertex operators of vector multiplets and hypermultiplets.
2 Elliptic genus.
In this section, I recall some basic facts about elliptic genera for Calabi-
Yau manifolds, mostly from [5], and I explicitly derive it for 4-folds. Let
C be a complex manifold of complex dimension d, with SU(d) holonomy.





















(; z +  + ) = (−1)2m(+)e[−m(2 + 2z)](; z); ;  2 Z (2)
where m = d
2





I use here the notations e[x] = e2ix, q = e[ ], y = e[z]. The coecients
c(0;−m+ p) for 0  p  c have the following geometrical meaning




where hp;q are the Hodge-numbers of C. Furthermore
(; 0) =  (5)
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h( )m;(; z) (6)











Note that the c(N) are only dened for −m + 1    m, but since
m;+2m = (−1)2mm;, it is useful to dene
cr(N) = (−)
r−c(N) (9)
for all r   mod 2m. The relation between the coecients of h and  is
then given by
c(n; r) = cr(4mn− r
2) (10)
Finally, the transformation properties of the h can be derived to be


















Now if m is integer, the elliptic genus satises the dening properties of
what is called a weak Jacobi form of index m and weight 0. The ring J2;
of weak Jacobi forms of even weight and all indices is well known [1]. It is a









Here ( ) = 24( ) and 10;1 and 12;1 are unique cusp forms of index 1 and
weights 10 and 12 respectively. The generators have an expansion
A = y−1 − 2 + y +O(q) (14)
2
B = y−1 + 10 + y +O(q) (15)
It immediately follows that the space J0;1 is one dimensional with basis B,




So for K3, with  = 24, it should be 2B, which is indeed the case [7]. The
space J0;2 is two dimensional, with basis E4( )A2 and B2, E4( ) being the
normalized Eisenstein series of weight 4. So the elliptic genus is xed by







In the case that the manifold has strict SU(d) holonomy, which implies that









so that  should be a multiple of six, and there is a non trivial relation on
the Hodge numbers
4(h1;1 + h3;1) + 44 = 2h2;1 + h2;2 (20)
as was recently noticed by Sethi, Vafa and Witten [6]. For a Calabi-Yau


















Zm;(T; U; V;  )h( ) (22)
3
where the h come from a function , satisfying the transformation prop-
erties (1) and (2), and can be split like (6). For generality, I allow this
function to have a pole of nite order N for  ! i1, but nowhere else in the





converging for all  with 2 > 0 (2 = = ). The functions Zm; are dened
by

















jm1U +m2 + n1T + n2(TU −mV









Y = T2U2 −mV
2
2 (27)
The function Z is manifestly invariant under the following transformations
U ! U + 2mV + 2mT; V ! V + T +  (28)
with ;  2 Z if m 2 Z, and ;  2 2Z if m 2 Z + 1
2
. (This has the same
eect as the substitutions
m2 ! m2 − 
2mn2 + b
n1 ! n1 + 
2mm1 − 2mn2 + b (29)
b! b+ 2mm1 − 2mn2
and these leave the inproduct b
2
4m
−m1n1 +m2n2 invariant. In the same way
one proves the other invariances.) It is also invariant under the generalization
of SL(2;Z)T  SL(2;Z)U , generated by























Furthermore, it is invariant under exchange of T and U , and under a parity
transformation
T $ U (34)
V ! −V (35)
These transformations generate a group isomorphic to Sp4(Z) if m = 1, and
to a paramodular subgroup of Sp4(Q) [3] for m > 1. Since 2Z is invariant
under modular transformation of  , as will be shown later, the following







(Z − c(0; 0)) (36)
The subtraction is to remove the logarithmic singularities due to the massless
hypermultiplets, and is needed only if m is integer. If it is not, I dene c(0; 0)






















jAj2 − 2iT (n1k2 + n2k1) +
b
U2




(V 2 ~A− V 2A) +
2imV 22
U22
(n1 + n2 U)A (38)
A = −k1 + n1 + k2U + n2U (39)
~A = −k1 + n1 + k2 U + n2 U (40)
By applying another Poisson resummation on b, it is easy to nd the following













which together with the known properties (12) of the h prove the modular



























j1− e[lU + bV ]j4c(0;b)








Ind = − ln
Y
k>0;l2Z;b2Z+m
j1− e[kT + lU + bV ]j4c(kl;b) (45)
(This for T2 large enough). Putting this all together, I obtain




e[pT + qU + rV ]
Y
(k;l;b)>0
























and the summation condition means k > 0 or k = 0; l > 0 or k = l = 0; b > 0
(always with k; l 2 Z and b 2 Z + m). Applying these formulae to 2B, the
elliptic genus of K3, I recover the result of Kawai [4]. Now consider the








Amazingly, the -dependent part equals the coecients of Gritsenko and
Nikulin’s second product formula [3], which is known to be associated to
the generalized Kac-Moody algebra which is an automorphic form correction




4 −4 −12 −4
−4 4 −4 −12
−12 −4 4 −4
−4 −12 −4 4
1CCCA (51)
Unfortunately, there is no such formula for the 0-dependent part. So for a
Calabi-Yau fourfold I nd











(1− e[kT + lU + bV ])c(kl;b) (53)
of weight 6, with coecients c coming from 2E4A2. The following section
describes the product formula for a Calabi-Yau 3-fold.
4 Calabi-Yau 3-folds.
In this section I apply my formulae to equation (21), without the factor =2.





2 ) +O(q) (54)
so that c(0;−1
2
) = c(0; 1
2
) = 1, and the corresponding product formula reads










of weight zero, where now p = e[T ], q = e[U ], y = e[V ]. In the limit V ! 0,
this product behaves like
V 2(p)2(q) (56)
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as can be expected for  = 2. This product can be expanded in terms of p
(since it is valid for T2 large enough). It turns out to be useful to consider
F0(T; U; 2V ). Thus







This is a variant of what is known as a Fourier-Jacobi expansion. The trans-
formation properties of F0(T; U; V ) imply that the coecients m should be
Jacobi forms of weight 0 and index 6k, with a possible multiplier system.
From the product formula it is possible to read of the lowest order coecient
 1
12









(1− qny)(1− qny−1) = 11(q; y)
−1(q) (58)
by the product formula for theta-functions. This is indeed a Jacobi cusp
form of weight 0 and index 1
2
with multiplier system [2], which can serve as













where p(n) is the partition function. Now unlike the case of F2(Ω) from [3], is
doesn’t seem to be possible to write the entire product as a lifting of its rst
Fourier-Jacobi coecient. It does seem to be likely that this function is also
related to some generalized Kac-Moody algebra. This is under investigation.
The nal result for the Calabi-Yau 3-fold calculation is
I = − ln jF0(Ω)j
2 (60)
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